Let G = (V, E) be a non empty, finite, simple graph. k -γ r enresdowed graph is one in which every restrained dominating set of cardinality k contains a minimum restrained dominating set. In this paper, we discovered a few outcomes for the k -γ r enresdowed graph related to private neighborhood.
Introduction
Let G = (V, E) be a non empty, finite, simple graph. A subset D of V(G) is called a dominating set of G if for every v ∈ V -D, there exists u ∈ D such that u and v are adjacent [3] . The minimum cardinality of the dominating set is called the domination number and it is denoted by γ(G). The Restrained dominating set of a graph is a dominating set in which every vertex in V -D is adjacent to some other vertex in V -D. The minimum cardinality of the restrained dominating set is called the restrained domination number and it is denoted by γ r (G).The minimum restrained dominating set is called as γ r set [7] . An element u of pn(x,X) for x in X is called a private neighbor of x relative to X and is one either u is an isolate of G [X] in which case u = x or u ∈ V -x and is adjacent to precisely one vertex of X. A restrained dominating set of a graph G containing a γ r set of G is called a γ r -enresdowed restrained dominating set of G. If that set is of cardinality k then it is called a k -γ r enresdowed restrained dominating set [8] . A subset S of the vertex set in a graph G is said to be independent 1. Any graph of order p is p -γ r enresdowed and γ r -γ r enresdowed.
4. Let P p be a path on p vertices , then P p is k -γ r enresdowed where = n + 2 if p = 3n n + 1 Otherwise
Remark 2.2
Let G be a k -γ r enresdowed graph , and β 0 is the maximum number of vertices in an independent set. β 0 and k are not related.
Illustration 2.3
Three different situations (i) k = β 0 (ii) k > β 0 (iii) k < β 0 are given in the following examples.
(i) In P 4 , γ r -set is the set of pendant vertices such that γ r (P 4 ) = β 0 (P 4 ).
Let D = {v 1 , v 4 }, clearly D is a γ r -set and β 0 -set. ∴ γ r = β 0 = 2 . Here k = 2. Therefore k = β 0 for P 4 .
(ii) In P 6 , γ r (P 6 ) is the set of two pendant vertices and two leaf vertices so that γ r (P 6 ) = 4 and where as in the case of β 0 the alternate vertices has been choosed .Thus β 0 (P 6 ) = 3, also k = 4. Therefore k > β 0 for P 6 .
(iii) In P 10 , D = {v 1 , v 4 , v 7 , v 10 } is a γ r set where k = 4, and D 1 = {v 1 , v 3 , v 5 , v 7 , v 9 } is a β 0 set . Hence β 0 = 5. Therefore k < β 0 for P 10 . Let G have no isolates , suppose G has a unique minimum restrained dominating set and s pendant vertices then G is not k -γ r enresdowed for any k ,
Let D be the unique γ r set of G. Then there exist the following cases Case (1) If p -s < γ r , then it is not (p -s) -γ r enresdowed. If p -s > γ r , then S ∪ K will form a restrained dominating set which will not contain the unique dominating set D. Let S = { pendants of G}.
and v is not adjacent to pendants .
Choose K⊆ K ′ such that
is the restrained dominating set. But it will not contain the point adjacent to the pendant vertex, which lies in the γ r set. Thus in this case, G is not (p -s) -γ r enresdowed. i.e G is not k -γ r enresdowed for k < p -s . Case (2) If γ r < p -1 , Let S = {pendant vertices of G}. Let K ′ = v d v ≠ 1 and v is not adjacent to pendants .
If S = l and γ r = k , then G is not k -γ r enresdowed for any k, γ r + j ≤ k ≤ p -2 , with j = 1,2,3,…… , p -(l + 3).
Definition 3.2
Consider a path of k vertices namely, u 1 , u 2 ,……, u i ……,u k to the vertex u i , 1≤ i ≤ k, attach a fan f 1,s i , s i ≥ 4 . The graph obtained is called n -fan graph and it is denoted by D s 1 ,s 2 ,……,s i ……,s k .The vertices u 1 , u 2 ,……, u i ……,u k are called nodes of the n -fan graph.
Remark 3.3
The n -fan graph has a unique γ r set. Definition 3. 4 Let S be a set of vertices . Let u ∈ S , a vertex v ∈ V(G) is said to be a private neighbor of u with respect to S if N[v] ∩ S = {u}. Furthermore, the private neighbor set of u with respect to S is denoted by pn(u,S) = {v : N[v] ∩ S = {u}} [7] .
Notation 3.5
Let G be a n -fan graph and D = {u 1 , u 2 ,……, u i ,……,u k } be a unique γ r set of G. Let = min 1≤ ≤ { pn(u i , D) }, where pn(u i , D) is the private neighbour set of u i with respect to D.
Theorem 3.6
Let G be a n -fan graph with nodes 
Theorem 3.7
Let G be a n -fan graph with nodes u 1 , u 2 , ……, Hence D 1 = k + t -2 = k + -2. Moreover, k + -2 is always greater than or equal to k + 2, since ≥ 4.
Proposition 3.8
Let G be a n -fan graph with nodes u 1 , u 2 ,……, u i ,……,u k , then γ r ( pn(u i , D) ≥ 2 .
Proof
Let G be a n -fan graph with nodes. Let D be the set of nodes. Therefore, D = {u 1 , u 2 ,……, u i ,……,u k }. D is a unique γ r set of G. Since for any u i ∈ D , the pn(u i , D) is either a path of length greater than or equal to 4 or union of k 2 , then the γ r set is always greater than or equal to 4.
Proposition 3.9
Let G be a n -fan graph with unique γ r set , D = {u i } i=1 Consider a sets of cardinality m , where m > γ r +1, the path pn(u i , D) 1≤ i ≤ m -1 is of three types namely , P 3i , (i ≥ 2), P 3i+1 , and P 3i+2 , (i ≥ 1) . Consider the path P 3i , (i ≥ 2). Let the vertex set of P 3i , (i ≥ 2) be P 3i = {v 
Conclusion
In this paper, we discovered a few outcomes for the k -γ r enresdowed graph related to private neighborhood.
